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Abstract. We are interested in examples of a.e.c. with amalgamation hav- 
ing some (extreme) behaviour concerning types. Note we deal with t being 
sequence-local, i.e. local for increasing chains of length a regular cardinal. 
For any cardinal 8 > No we construct an a.e.c. with amalgamation i with 
L.S.T.(t) = 6, \th\ = 9 such that {re : re is a regular cardinal and & is not 
(2 K , re)-sequence-local} is maximal. In fact we have a direct characterization 
of this class of cardinals: the regular re such that there is no uniform re+- 
complctc ultrafilter. We also prove a similar result to "(2 re , re)-compact for 
types" . 



0. Introduction 

Recall a.e.c. (abstract elementary classes); were introduced in [7]; and their 
(orbital) types denned in [8] , see on them [5] , [1] . It has seemed to me obvious that 
even with t having amalgamation, those types in general lack the good properties 
of the classical types in model theory. E.g. "(A, re)-sequence-locality where 

Definition 0.1. 1) We say that an a.e.c. t is a (A, re)-sequence-local (for types) 
when re is regular and for every < {-increasing continuous sequence (Mi : i < re) of 
models of cardinality A and p,q <G J?(M K ) we have (Vz < K)(p \ Mi = q \ Mi) => 
p = q. We omit A when we omit "||Mf|| = A". 

2) We say an a.e.c. t is (A, re)-local when: re > LST(t) and if M G t\ and pi,P2 & 
y(M) and N < t M A ||iV]| < k =4> pi \N = p 2 \N then Pl = p 2 . 

3) We may replace A by < A, < A, [/j,, A] with the obvious meaning (and allow A to 
be infinity). 

Of course, being sure is not a substitute for a proof, some examples were pro- 
vided by Baldwin-Shclah [51 §2]. There we give an example of the failure of (A, «)- 
sequence-locality for t-types in ZFC for some A, re, actually re = No. This was done 
by translating our problems to abelian group problems. While those problems seem 
reasonable by themselves they may hide our real problem. 

Here in §1 we get £, an a.e.c. with amalgamation with the class {re : (< oo, re)- 
sequence-localness fail for £} being maximal; what seems to me a major missing 
point up to it, see Theorem ll.31 Also we deal with "compactness of types" getting 
unsatisfactory results - classes without amalgamation; in [2] this was done only in 
some universes of set theory but with amalgamation; see §2. 

We relay on [2] to get that 6 has the JEP and amalgamation. 

Question 0.2. Can {re : Ms (< oo, re)-local}, e.g. can it be all odd regular alcphs? 
etc? 
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Note that for this the present translation theorem of [2] is not suitable. 

1. An a.e.c. with maximal failure of being local 

Claim 1.1. Assume 

©i (a) k = cf(«) > 9 > N or just k = c£(«) > No, 9 > H 
(6) there is no uniform 9 + -complete ultra-filter D on k 
(c) Tg is a vocabulary of cardinality 9 consisting of 9n-place predicates 



with each 



Then 



EH there are I a , Mg^ a , ~Kt,a (for I — 1, 2 and a < k), g a (for a < k) satisfying 

(a) I a , a set of cardinality 9 K , is (--increasing continuous with a 

(b) Mi^ a , a Tg-model of cardinality < 9 K , is increasing continuous with a 

(c) TTi t a is a function from M^ a onto I a , increasing continuous with a 

( d ) Ki^WI ^ f° r t e I a ,a< k and £ = 1,2 

(e) if t e I a +i\I a then n^{t} C M /)a+ i\M^ a 

(/) / or a < K ,3a *s an isomorphism from M\ tCt onto M.2, a respecting 

(tti,2, ti"2,k) which means a € M^ a =>■ 7ri ja (a) = ^2,a{ga{a)) 
(g) for a = k there is no isomorphism from Mi lCC onto Mi, a respecting 

(7ri,a,7T2,a)- 

Proof. Follows from [L2l which is just a fuller version adding to Tg unary function 
F c for ceG. □ 



Claim 1.2. Assuming ®i of \l.l\ we have 

EH there are I a , M^ a , 7Tg a (for I = 1, 2, a < k) and g a (for a < k) and G such 
that 

(a) G is an additive (so abelian) group of cardinality 9^" 

(b) I a is a set, increasing continuous with a, \I a \ = 9 K 

(c) Mi ta is a Tg-model, increasing continuous with a, of cardinality 9 K 
where Tq = Tg U {F c : c G G}, F c a unary function symbol 

(d) 7T£ jQ , is a function from M^ a onto I a increasing continuous with a 

(e) Fc Ie ' a (c 6 G) is a permutation of Mi t<Xl increasing continuous with a 
if) ^i,a{a) = 7T£ :Q (F c Mf '°(a)) 

(g) F^(F^(a)) = F^{a) 

(h) TTi >a (a) = Tr La {b) V Fc Ie - a (a) = b 

c£G 

(i) for a < k, f a is an isomorphism from M\^ a onto Mi, a which respects 
(tti,q, 7r 2,a) which means a € M\ >ol => 7Ti iQ! (a) = iT2,a{fa{a)) 

(j) there is no isomorphism from M\ jK \ Tg onto Mi. K \ Tg respecting 

Proof. Let 

(*) cr = 6»*° so a 
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(*)i (a) let G = ([cr] <N °, A), i.e., the family of finite subsets of a with the 
operation of symmetric difference. This is an abelian group 
satisfying Vx(x + x = 0) 

(b) let (a/, a ,« : / € K cr, a < k, it G G) be a sequence without repetitions 

(c) for /? < k let A/5 = : / G K er, a < 1 + /3 and it G G} 

(d) for /? < a let 7^ = ( K cr) x (1 + /?) 

(e) let iT(}{af. ayU ) = (/, a) when a < 1 + /3 < k 

(/) for each f3 < k we define a permutation gp (of order 2) of Ap 
by 9p(a>f, a ,u) = a f,a,u+ G {f(i3)}} hence 
a G Ag => np(gp(a)) = 7173(a). 

Note that 

(*) 2 (a) |G|=(7 

(6) : (3 < k) is a C-increasing continuous, each Ag a set of cardinality 

cr K = B K 

(c) (7^ : f3 < k) is C-increasing continuous, each Ip of cardinality a K = 6 K 



(d) np is a mapping from Ag onto Ip 

(e) if < G I a C 7^ then ttJ 1 ]^} = tt" 1 -^} has cardinality \G\ = a 
if) if t G 7 Q+1 \7 Q then tt"^^} C A a+1 \A a . 

For each n < ui and /? < k we define equivalence relations 7*^ p,E n ^p on "(Ag): 
(*)3 a£^ ^6 iff 7173(a) = 7173(6) where of course irp((ai : ^ < n)) = (-Kp{ai) : i < n) 

(*)4 dE n> pb iff a£^ ^6 and there are k < ui and ao, ■ ■ ■ , a& such that 
(i)'o< G"(V) 
(u) a = ao 
(mi) & = cik 

(iv) for each I < k for some ai, a2 < K we have g^lidax (fli)) is well defined 
and equal to d^+i or g a2 {9al{d()) is well defined and equal to a£ + i 
(note: 

first the two cases are one as g~ x = g a ; 

second g a docs not preserve d/E nj p\, in fact, a,g a {a) are never E 1h p 
equivalent; 

third clearly they are well defined iff (W < k)[d( G ™(Amn{ai.a 2 })] 
because if a < /3 then maps Ap onto itself). 

Note 

(*)s (a) £^ a , 25 niJ g are equivalence relations on n (Ap) 

(b) Ep, n refine E' p n 

(c) if n < cj, a G n (Ap) then a/Ti^ « has at most a members 

(d) if a < /3 < k then 7^ f "(A Q ) = E^ a and £„„g f n (A a ) = £„ >a 

(read (*)4(w) carefully!) 

(e) if a < (3 < n,a G "(A a ) and b G d/E' n0 then 6 G n (A a ) 
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(/) if a € n (A(j) where < n < lu then a/E' n has 

exactly a members (we shall use only its having < 2 a members). 

Now we choose a vocabulary t@ of cardinality 2 <T (but see (*)i2) and for a < k we 
choose a r^-model Mi jQ with universe A a such that: 

(*)6 (a) Mi i0l increasing with a 

(b) assume that a, b are -E^-equivalent (so a, b € n {Ap) and 

7Ta(fl) = 7Tq(&); then a, b realize the same quantifier free type 
in Mi jQ iff aE nyCl b. 

(c) for every function e G CT cr there is a two-place predicate R e £ 

such that 

R e 1,Q = {(af u p uUl ,af at p 3iU3 ) & A a x A a : fi = e o f 2 and i e m 

iff (|0 e U2 : e(i) - i}| is odd)}. 

[Why is this possible? First as, for each a < K,g a maps Re 1 '" onto itself. 

Why? Assume we are given a pair (a/^^^, a/ 2 ,/3 2 ,u 2 ) from ^4 Q x ^4 Q so 0i,@2 < 
a, so 

(*)i (a/i./Ji.uiiO/sA.ua) e -Re /l,Q iff "2 = {e(j) : j € u 2 and (3 odd i e Ua)(e(t) = 

(*)2 (.9a( a /iA,«i)'3a( a / 2 ,/3 2 ,u 2 )) G R 1 ' a iff ( a /i,/3i,« 1 +{/ 1 (a)} I a / 2 ,/3 2 ,ti 2 + G {/ 2 (a)}) 

iff ui + G {fi(a)} = {e(0 : (3 odd t e (u 2 +g / 2 (a))(e(i) = e(t))}. 

But 

(*)3 = e 2 (/ 2 (a)). 

So together we get equality. 

Second, g a preserves "a, b are -E„ !a -equivalent" , "a, b are -E^ jQ! -equivalent" and 
their negations. That is, a, g a {a) are not -E njQ , -equivalent, but as (V/3)(5 ( g = .g^ 1 ), a, o 
being EV^-equivalent means that there is an even length pass from a to 6, in the 
graph {(c,gp(c) : (3 G [7, k) and c G "(Ay)} where 7 = min{7 : a,b £ "(Ay)}. 
Third, no problem in making the Mi.„'s increasing by (*)5(d). Fourth, because of 
(*)5 in particular clause (f) of (*)s-] 

(*)7 for a < k let M 2jQ , be the r^-model with universe A a such that g a is an 
isomorphism from Mi iQ onto M 2;CK . 

Now we note 

(*) 8 for a < (3 < k, M 2 , a C M 2i/3 . 

[Why? By the definitions of M\ j ~ l ,g 1 ,E' ni ,E ntl , in particular, the "first" and 
"third", i.e. (*) 5 (d) in "why (*) 6 ".] 

(*)g let Af 2jK := U{M 2 . Q : a < k}, well defined by (*)g 

(*)io let 7T£ i( g = 7173 for £ ~ 1,2 and (3 < k 

(*)n except clause (j) the demands in the conclusion of EB of II. 21 holds easily 

(*)i 2 it is O.K. to use a vocabulary of cardinality 2 <T = 2 eN °. 
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[Why? As there is a model M of cardinality 2 <T with \tm \ = omitting a quantifier 
free type p such that McNAM = N^N realizes p.) 
Note 

0)i3 if ( j a f,a,u 2 ) is ^2,q equivalent to (a/^,^, a f,a,v 2 ) then G |= "ui - 

u 2 = vi- v 2 ". 

[Why? By induction on the k from (*)4.] 

So to finish we assume toward contradiction 

Kl ft is an isomorphism from M\_ K onto M2 jK which respects (7Ti jQ , 7r2, a ) for 
a < k. 

So trivially 

©1 Ma/>,«) 6 {a/.tvu : v G G} and a G n {A a ) => h(a) G a/E, ha C a/E' na . 

[Why? As ft respect (7Ti iK , 7r 2iK ) see (*)i(e) and (*)io clearly ft(a) £ a/E' na . But ft. 
is an isomorphism from Mi jK onto M2 )K hence by (*)e{b) we have h(a) G (a/ E n ^ a )] 



©2 for / G K cr and a < k let it j jQ , G G be the u G G such that h(df = af, a ,u 

©3 for / G K (T, a < K and w G G we have h(af iCXtV ) = af t a,v+ G uf a - 

[Why? By ©i clearly ft maps any finite sequence b G to an i?„ jQ ,-equivalent 

sequence for each a < k. Now apply this to the pair (ay Qj j, recalling (*)i3-] 



©4 we define a partial order < on K a as follows: 

/l < /2 iff there is a function e G witnessing it; which means /i = 
e° h 

©5 if ai,a2 < k and /i < f 2 (are from k ct) then < |u/ 2jQ , 2 |. 

[Why? This follows from ©6 below.] 

©6 if e G <J <J 1 f 2 G K and fi = e o f 2 G K # and Cki, a2 < k then 

«/i,ai Q {e(l) ■ i £ u f 2 ,a 2 }- 

[Why? Choose a < k such that a > a%,a > a 2 so ai 0, a f 2 ,a 1 ,$ € 
Recall that ft maps Re 1 '" onto Re l2 c " by HI and R^ 2 '" = Re 1 '" because <? a maps 
Re 1 '" onto itself (see in (*) 6 the "why..."). Now see (*) 6 (c), i.e. the definition of 
Re Il a , i.e. obviously (aj 1Q1 j, a / 2 ,a 2 j) & Re 1,a so as ft is an isomorphism we have 
(M a /i,aij)' M a /2.ct2,0)) e Re, l2,a so by the previous sentence and the definitions of 
u fe,a e (£ = h 2 ) in © 2 we have (o/ lj0tl , u/ I)Ql , (a/ 3 ,a a ,u /2 ,<, 2 ) S i?e /l a which by the 
definitions of R^ 1 '" in ©g(c) implies u/ 1:Ql C {e(i) : i G w/ 2iCt2 } as promised.] 

©7 (a) h/.oj = |w/,aal f° r a l i a 2 < «, / G K cr 

(6) n(/) = |u/, Q | is well defined 
(c) if /i < h then n(/i) < n(/ 2 ). 
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[Why? For clause (a) use ©6 for e = idg and f\ = /2 = /. Clause (b) follows. 
Clause (c) holds by ©6(c).] 

©8 there are /* G K a and a* < k such that: 

(i) if /* < / G K er and ct < k then |it/„ lQU | = 

(m) moreover if /* = e o / where ee'a and / G K er, a < n then e \ Uf_ a 

is one-to-one from u/ iQ onto M/ t . Q , so n(/») = n(/) 
(mz) if a < k, /* = ei, /i, /i = e2, /2 then e2 [w/ 2 ,a is one-to-one onto Uf llCC . 

[Why? First note that clause (ii), (hi) follows from clause (i). Second, if not then 
we can find a sequence ((f n , oi n , e„) : n < uj) such that 

(a) a n < K, f n G K a for n < uj 

(fi) fn < fn+i say /„ = e„ o f n+1 and e„ G "cr 

(7) ( e n, /n+i) a„4i) witness that (/„, ct„) does not satisfy the demands + 
on (/*,«*) hence n(/„) < n(/„ + i). 

Let it„ = Uf n _ an for n < uj. For n < uj and z < tr let A ni j — (a < k : f n (a) = i), 
so (A nj i : i < w) is a partition of k and a G A n+ u =>• a G A„ )6n (j). So letting 
^4?) = n{-A„ j7) („j : n < w} for 7/ G "er clearly (A n : rj G ^cr) is a partition of k. 

As we have cr = by (*)o, there is a sequence (e n : n < w) satisfying e n G a a 
and / G K cr such that /„ = e™ o / for each n < u. So n < uj f n < f which 
by ©7(c) implies n(/ n ) < n(/). As (n(/„) : n < uj) is increasing, easily we get a 
contradiction.] 

©9 n(/») > 0, i.e. a < k =>■ U/„ ia 7^ 0- 

[Why? If (V/ G K cr)(Va < k)(«/, q = 0) then (by © 3 ) we deduce h is the identity 
contradiction. Otherwise assume u/. Q 7^ hence as in the proof of ©s there is /' 
such that /* < /' Af < f so by ©5 and ©8 we have < \uf,a\ < ,<*| = l u /,,a,l-] 

©10 if / G K cr, a < k and i£M/ i0 then k = sup{/3 < n : a < (3 and /(/3) = i}. 

[Why? If not, let /3(*) < k be > sup{/3 < n : a < /3, /(/3) = £} and > uj. 
Let y = {(a/, Q . u , a/,/3(*).u) '■ u £ G,i u}. Now for every /3 G (/?(*), ft) the function 
g/3 maps the set Y onto itself hence by the definition of £?2,/3(*)+i it follows that 
a G Y =>■ a/£%/3(*)+i C Y and as /i respects (tti ^^+i, 7Ti >( g(*)+i) it follows that 
h(a) C a/E' 2im+i and so k > 7 > /3(*) + 1 => ^^(^(a)) G a/E' %m+v 

Now for a G Y, the pairs a, ft-(a) realizes the same quantifier free type in 

-^2,/3(*)+i respectively, hence by the choice of M 2:( g(*) + i the pairs a, <7^^ +2 , /i(a)) 
realize the same quantifier free type in M\_ a . By (*)e(b) recalling g^^ +1 (h(a)) G 
a/E' 2 puj+x this implies that a, g^^\ +1 (h(a)) are _E2,/3(*)+i-equivalent. By the def- 
inition of -Z?2./3(*); 5/3(»)+i(^-(^)) belongs to the closure of {a} under {g^ 1 : 7 G 
(/3(*);k)} hence /i(a) belongs. But by an earlier sentence Y is closed under those 
functions so h(a) G Y. Similarly h~ 1 (a) £Y,h maps Y onto itself, recalling (*) 2 
this implies i ^ Uf_ a .] 

Now fix /* , a* for the rest of the proof, without loss of generality /» is onto a 
and let u/» jQ! , = {i| : i < £(*)} with (i^ : £ < £(*)) increasing for simplicity. Now 
for every / G K a such that /* < / and a < k by ©s(«i), (mi) we know that if 
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e G a a A /* = e o / then e is a one-to-one mapping from Uf t0l onto Uf u>a ,\ but so 
e f Uf,a is uniquely determined by (/*, o», /, a) so let G u/, a be the unique 

i £Uf ta such that e(z) = i|. 

Now if /* < / G K cr and 0:1,0:2 < « and e G CT cr and we choose e = id CT so 
necessarily / [ = e o / \ Uf l0l2 , then e [ Rang(/ f Uf ta . 2 ) map M/, a2 onto 

u/,on but e is the identity so we can write Uf instead of v,f, a let if^ = if, a ,i for 
I < l(*),a < k. 



A = {A C k : for some /, /* < / and a < n we have / 1 {«/,o}\o Q A} 

□ 1 AC?( K )\[ K ]< K . 

[Why? As k is regular, this means A E A ^ A C n /\ \A\ = n which holds by ©10 .] 

□ 2 K G A. 

[Why? By the definition of A.] 

□3 if A G A and ICBCk then Ben. 
[Why? By the definition of A] 

□4 if Al, A 2 G A then .4 =: A\ n A belongs to A. 

[Why? Let a*) be such that /* = e^o/^ and / f G K cr, a e < n and /f _1 {*/«,o}\^ Q 
At for £ = 1,2. Let pr:cr x cr — > cr be one-to-one and onto and define / G K cr by 
f(a) = pr(/i(a), / 2 (o)). Clearly f e < / for £ = 1,2 hence «/ j0 is well defined and 
*/,o = P r (Vi,0i i/j o)i s ° we can finish using appropriate V and (*)e-] 

□ 5 if A C k then A G A or k\A G A. 

[Why? Define / G K cr: 



Let i = if\o so by the definition of A we have / 1 G A. But if i is even then 
f l {i} Q ^4 an d i is odd then C k\A so by [D3 we are done.] 

□6 A is a uniform ultrafiltcr on k. 

[Why? By Hi - H s .] 

□7 A is (T + -complctc. 

[Why? Assume B e G A for e < cr. Define A € C « for e < cr as follows A+e = 
B e \ |J for e < a and A — k\ {J B e = k\ \J A 1+e . Clearly (A e : e < a) is a 



partition of k, let / G K cr be such that / f A £ is constantly e. Let /' G K 6 be such 
that / < /' A /* < /'. Now (/') _1 {V',o} G A is included in some If e = this 
exemplifies (J B £ 6 i as required. If e = 1 + £ < cr, then (/') _1 {*/',o} Cj A e = 



Let 




if a G A 
if a G k\A 



n\B e , contradiction to Hg as B £ G A, (/') 1 {*/',<>} S A.] 
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So by the assumptions of 11.21 we are done. E fj^j 
Claim 1.3. For every 9 there is an t = t* g such that 

® (a) 6 is an a.e.c. with LST(t) = 8, \r t \ = 9 

(b) t has the amalgamation property 

(c) t admits closure (see below) 

(d) if K is a regular cardinal and there is no uniform 8 + -complete 

ultrafilter on k, then : t is not (< 2 K , k) -sequence-local for types, 
i.e., we can find an <t-increasing continuous sequence {Mi : i < k) 
of models and p ^ q G S^t{AI K ) such that i < k p \ Mi = q \ Mi 
and M K is of cardinality < 2 K . 

We shall prove 1X731 below. As in [2] the aim of the definition of "admit closures" 
is to ensure types behave reasonably. 

Definition 1.4. We say an a.e.c. £ admits closure when for every M £ K% and 
non-empty A C M there is B = c£ t (A, M) such that: M\B E K t ,M\B < e M and 
A C M x < t N A M < E N => B C Mi; we may use cl e {A, M) for M\cl t (A, M). 

Claim 1.5. Assume £ is an a.e.c. admitting closure. Then tpt(ai, M, Nx) = 
tp 4 (a2, M, N2) iff letting Mi = Ng\cli(M U {ai}), there is an isomorphism from 
Mi onto M% over M mapping a\ to ai . 

Remark 1.6. In Theorem 11.31 we can many times demand ||M K || = k, e.g., if 
(3A)(« = 2 A ). 

Note 

Claim 1.7. 1) If t satisfies clause (a) of 1 1. 31 i.e. is an a.e.c. with LST-number 
< 9 and k fails the assumption of clause (d) of \ 1.31 that is there is a uniform 9 + - 
complete ultrafilter on K, then the conclusion of clause (d) of \1.3\ fails, that is t is 
K-sequence local for types. 

2) If D is a 9 + -complete ultrafilter on K and t is an a.e.c. with LST(t) < 9 then 
ultraproducts by D preserve "M G t", "M <{ N v , i.e. 

M if Mi, Ni(i < k) are t(R) -models and M = J] MJD and N = J] N i then •' 

(a) M £Kif{i<K: Mi e 6} e D 

(b) M < t N if {i: Mi <i N,} e D. 

Proof. Note that if D is + -complete, then it is (T + -complete (and much more 
^'-complete for the first measurable 9' > 9). 
1) So assume 

EH (a) (Mi : i < n) is < s fc-increasing 

(b) M H = N < t N t tor £=1,2 

(c) Pi = tpi(at,N ,N t ) for 1= 1,2 

(d) i < k ^ pi \Mi = P2 tMj. 

We shall show pi =P2) this is enough. 
Without loss of generality 

(*) a\ — a2 call it a 
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By (e) we have 

(e) + for each i there is n, < u> and (Ni^ m : n < rii) such that 
(a) N i0 = N t 
09) N„ ni = Ni 
(7) a e 7V i>£ 

(5) if n< then A^m+l <t N i:2 m,N ii 2m+2- 

As « = cf(ft) > Ko without loss of generality i < k => = n*. Let % be such that 

(Mi : i < k), ((Ni_ n : n < n*} : i < k) and ?lst({) all belongs to H(x)- Let 2$ be the 
ultrapower (H.(x), &) K /D and j the canonical embedding of (7i(x), S) into 23 and 
ji be the Moskolski-Collapse of 58 to a transitive set Hi and let j = ji ° jo- So j 
is an elementary embedding of (7i(x),G) into (H,£) and even L e + g+-elementary 
one. Without loss of generality C H(9) hence j(r{) = T{( hence by part (2), j 
preserves 11 N € K t " , "N 2 < t A 2 " . 

So j((Af, : i < k}) has the form {M* : i < j(ft)} but j(k) > k* = U by the 

uniformity of D and let j(((-/Vi,„ : n < n*} : i < k) = ((N* n : n < n*) : i < j(ft)). 
So 

(a) j\M Kt is a <{-embedding of M K into M* t 

(b) Ml < { N? n andj(a) e N? n 

(c) JV,* 2ra+1 < { 7V; 2m , 7V* 2m+2 for 2m + 1< n» 

(d) j(a) e JV«„, m . 
Together we are done. 

2) By the representation theorem of a.e.c. p2 §1]. RTT7I 
Proof. Proof of II. 31 

Let (j = Let G = ([er] <Nn , A) and let (c* : % < a) list the members of G, let 
(r\ a :a< a) list w 

Eli 5 £ ,„ C G for e < 9 be such that: if a, 6 e G then (Ve < 9){\/n < w)(a G 
B e ,n = b G B e , n ) => a = b; moreover, B e>n = {c a : r] a (n) = e}. 

Let t have the predicates G, /, J, H,+, Fi, Rn,a(n < 0J,a < 9),P e (e < 9) and 
function symbols Fi, F2, tt; so \t\ =8. We define if as a class of r- models by 

IE 2 M G A' iff (up to isomorphism): 

(a) (G M ,I M , J M ,H M ) is a partition of |M| 

(6) (G M ,+ M ) is a subgroup of the group ([cr]<*°,A), P £ M n C G M for 
e < 6, (pf n : e < 0) be a partition of M such that a/ie G M 
(3e<0)(3 7 i<c)[ a eF^A6^P e A l] 

(c) Fi is a function from if M into J AI 

(d) Ff = {(a,6):F 1 (a)=F 1 (a)} 

(e) 7r M is a function from if M into I M 

(/) #f = {(0,6) : a#2 M & and ^ M (a) = tt m (6)} 
(g) F^ is a partial two-place function such that: 
(a) F 2 M (a, 6) is well defined iff b e G M , a G ff M 
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09) for a G H M , (F 2 M (a, b) : b G G M ) list ajEf = {a' G H M : 
7r M (a') = tt a1 (a)} with no repetitions 

(7) if a e H M and 6, c G G then F 2 M (a, & + M c) = F 2 M (F 2 M (a, 6), c), 
on the + see clause (b) 

(<5) F(a,0 G M) = aforaeff M 

(e) for 71 < cj and 7 < 8 the relation i?^/ 7 is an n-place relation 
C U{ n {a/Ef) : a G H M }. 

We define <{ as being a submodel. Easily 

K 3 I = (K, < t ) is an a.e.c. 

For ACjtfeif let 

(a) cl° M {A) = the subgroup of (G M , + M ) generated by (A n G A/ ) U {6 : 
for some a\ ^ a 2 G ^4 we have a\E^ a% and F^ 1 (ai, b) = a 2 } 

(6) c^A) = (A(1 I M ) U {vr M (a) : a G A n H M } 

(c) dP M (A) = {AnJ M )U {F^(a) : a G A n H M } 

(d) ce 3 M (A) = {a G ff M : for some 6 G c^U-A) and ai einiJ u ,o = 
Ff(a lf 6)} 

(e) c£{A, M) = c£ M (A) = M \ {li{c£ e M (A) :£=1,2, 3}). 

Now this function c£(A, M) shows that 6 admits closure (scc ll.4|) so 
M A t admits closure and LST(t) + \r t \ = 6. 

Assume k is as in clause (d) of 11.31 we use the Me tCt (£ = 1,2, a < k) 
constructed in 11.11 (and more of their actual construction as stated in II. 2p . 
They are not in the right vocabulary so let M[ a be the following r-modcl: 



(a) elements G M *<° = G 

T M U - T 

J M *,<* — just a new element 

H M <-° = A,. a 
(we assume disjointness) 

(b) {G M '^ ,+ M ' e,a ) is G = ( [cr] <N ° , A) 

P e e ' a C G M as required in Mi not depending on (£, a) 



(c) 


pVi.. 


is constantly t\ on H Ml -<* 


(d) 




= {(a,b):F^(a)=F<"(b)} 


(e) 




is 7r^ Q (constructed in 11.11 11. 2[) 


if) 


Bp* 


= {(a,b) :aE? l - a b and 7r M U( a ) 


(9) 


F2{a f . 


a.ui ^) — & f .a. ,u-\- ab 



7T<«(&)} 



(recall {a,f,/3,u '■ f £ K °\ /? < a, u G G} list the elements of 

M/, a ) 

(/1) FLj,k a for n < w, 7 < cr list the relations of M^. Q with the function 
symbols being translated to relations. 
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Let Mq = M' l a \ (G M '' ° U/ M ^°) for i = 1, 2 and a < k (we get the same 
result). 

Note easily 

^6 Mo,a <t Me ta , {Mi !Ct : a < k) is <{-increasing (check) 
H 7 tp t (if, M^,M( ja ) = tp t (t|, M^ a ,M^ a ) for a < k. 

[Why? By the isomorphism from Mi a onto A/2 a respecting (tti q , 7T2 q ) in 

O] 

K 8 tpi(t*, Mq k , M[ k ) + t Pt (t* 2l M^ M^ K ). 
[Why? By the non-isomorphism in 1 1 . It extension will not help.] 

Now by the "translation theorem" of [2j §4] we can find t' which has all the needed 
properties, i.e. also the amalgamation and JEP. 

2. Compactness of types in a.e.c. 

Baldwin [1] ask "can we in ZFC prove that some a.e.c. has amalgamation. JEP 
but fail compactness of types" . The background is that in [2] we construct one 
using diamonds. 

To me the question is to show this class can be very large (in ZFC). 

Here we accomplish both by direct translations of problems of existence of models 
for theories in L K + K + , first in the prepositional logic. So whereas in [2] we have an 
original group G M , here instead we have a set P M of prepositional "variables" and 
P , set of such sentences (and relations and functions explicating this; so really 
we use coding but are a little sloppy in stating this obvious translation). 

In [2] we have I , set of indexes, and H, set of Whitehead cases, H t for 
t G 7 , here we have / , each t € I N representing a theory P f M C P AI and in J M 
we give each t £ I M some models Aif 1 : P M — > {true, false}. This is set up so that 
amalgamation holds. 

Notation 2.1. In this section types are denoted by p, q as p, q are used for prepo- 
sitional variables. 

Definition 2.2. 1) We say that an a.e.c. £ has (< A, K)-compactness (for types) 
when: if {Ali : i < k) is <{-increasing continuous and i < k =>• \\Mi\\ < A and 
Pi G 5^ <u (Mi) for i < k satisfying i < j < k =>■ pi = pj\Mi then there is 
p K G y <u {M K ) such that i < k p K \M { = pt. 

2) We define "(= A, K)-compactness" similarly. Let (A, K)-compactness mean (< 
A, «;)-compactness. 

Question 2.3. Can we find an a.e.c. t with amalgamation and JEP such that 
{9 : I have (A, #)-compactness of types for every A} is complicated say: 

(a) not an end segment 

(b) any {8 : 8 satisfies ip},ifj G L K + K +- (second order). 
Definition 2.4. Let k > Ko, we define I — t K as follows: 

(A) the vocabulary T{ consist of Fi(i < n),Rg(£ = 1, 2), P, T, I, J, ci (i < k), Fi(i < 
k), (pedantically see later), 
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(B) the universe of M e K( is the disjoint union of (so unary) P M ,T M , I M , J M 
so P,T,I,J are unary predicates 

(C) (a) P M a set of prepositional variables (i.e. this is how we treat them) 

(b) T M is a set of sentences of one of the forms ip = (p), ip = (r = pA 

?)) <p = (q = ^p), <p = (? = A so p> 9>Pi e pM 

but in the last case {pi : i < k} C {cf f : i < k} (or code this!) 

(c) for i < k the function F^ 1 : T M — ► P M are such that for every 

i < k and cp € T M we have: 

(a) if 99 = (p) and i < k then F\ + i{p) = p, Fo(tp) = cq 

((3) if (cp = r = p A q) then Fi(ip) is Cj if i = 0, is p if i = 1 is q 
if r = 2 is r if r > 3 

(7) if </? = (q = ~<(p)) then Fi((p) is C2 if i = 0, p if i = 1, q if i > 2 

(<5) if <p = (g = A Pi) t hen *i(<p) is c 3 if i = 0, 

g if i = l,p2+jii i = j + 1 

(d) I a set of theories, i.e. R^ 1 CTxJ and for t £ / let 

rf = e r M : $R*ft} c r M 

(e) J is a set of models, i.e. i? 2 f C (r Up) x J and for s €E J we have 

is the model, i.e. function giving truth values to p £ P M , i.e. 
(p;) is true if PiRf s\ is false if -npiif s and ((p, s) £ #f iff 

computing the truth value of <p in Aif 1 we get truth 
(/) F K M : J M -> 7 M such that s e J M ^ Mf is a model of T f m {s) 
(g) (VteI M )(3seJ M )(F™(s)=t) 

(D) M < f N iff M C TV are r { -modcls from A" t . 

Claim 2.5. t is an a.e.c, LST(t) = n. 

Proof. Obvious. R2~5l 
Claim 2.6. I has the JEP. 

Proof. Just like disjoint unions (also of the relations and functions). R2~6l 

Claim 2.7. Assume M < t /or £ = 0, 1 and |M | = P Ma U r A/ ° = P Mf U r Mf 
/or £=1,2 and a £ £ J M < for £=1,2. Tfeew tp t (oi, M , Mi) = tp { (a 2 , M , M 2 ) #f 

rMi _ pJW 2 
1 ai a 2 ' 

Proof. The if direction, ■<= 



Let He a one to one mapping with domain Mi such that h \Mq = the identity, 
h(a\) = a 2 and h(Mi) fl M 2 = M U {a 2 }. Renaming without loss of generality h 
is the identity. Now define M 3 as Mi U M 2 , as in 12.61 now a\ = a 2 does not cause 
trouble because P M ° = P M \T Ma = T Mt for I = 1, 2. 

The only if direction, =>■ 



Obvious. '-tejl 
Claim 2.8. Assume X,9 are such that: 
(a) 8 is regular < A and X > k 
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(b) (Ti : i < 9) is ^-increasing continuous sequence of sets propositional sen- 
tences in L re + u such that /Tj has a model i < 6] 

(c) |r fl | < a. 

Then t fail (X, 9)-compactness (for types). 

Remark 2.9. We may wonder but: for 9 = Ho compactness holds? Yes, but only 
assuming amalgamation. 

Proof. Without loss of generality To = A. Without loss of generality {p* : e < k) 
are pairwisc distinct propositions variables appearing in To and each tp £ Ti is of 
the form (p) or r = p A q or r = ~^p or r = f\ Pi where {pi : i < k} C {p* : e < n}. 

Let Pi be the set of propositional variables appearing in I\ without loss of gen- 
erality | Pi | = A. 

We choose a model Mj for i < 6 such that: 

ffl (a) \Mi\=PiUTi 

(b) P M = Pi and T M > = Ti 

(c) the natural relations and functions. 

Let Mi : Pi — > {true false} be a model of IV 

We define a model N 6 for j < k (but not for i = 61) 

M (a) Mi < t Ni 

(b) P N > = P M > 

(c) T N ' = r M < 

(d) I M = {U] 

(e) J M = { Si } 
(/) F^*(si) = U 

(g) R?* = r i x{t i } 

(h) R^' is chosen such that M^ is Mi 

(i) (i < k) are defined naturally. 

Now 

(*) x p i = tp t (t i ,M i> JV i ) e S 1 (M i ). 

[Why? Trivial.] 

(*)a » < 3 <9 ^Pi = Pj\Mj. 

[Why? Let Nij = iVj [(Mj U {s^tj}).} 

Easily tp(tj, Mi, Nij) < pj and tp(tj, Mi, Nj) — pi by the claim l2~7l above.] 

(*)3 there is no p € S 1 (Mg) such that i < => p\Mi = p,. 

Why? We prove more: 

(*)4 there is no (iV, i) such that 

(a) M K < { N 

(b) t E I N 

(c) (VipeT M «)i<pR?t]. 
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[Why? As then Te = T M has a model contradiction to an assumption.] E fe^g] 
So e.g. 

Conclusion 2.10. If 9 > K is regular with no /^-complete uniform ultrafiltcr on 9 
and A = 2 e , then t is not (A, (9)-compact. 

Remark 2.11. Recall if D is an ultrafiltcr on 9 then min{cr' : D is not er'-complcte} 
is K or a measurable cardinality. 

Proof. (Well known). 

Let M be the model with universe 2 s , P M = 9 and i? M C x A be such that 
{{a < A : ai? M /3} : f3 < A} = 7>(0), < M the well ordering of the ordinal on A 
the vocabulary has cardinality k and has elimination of quantifiers and Skolem 
functions. 

Let Ti = ThYM, /3) / 3 < a U {a < c : a < 9} (c a new individual constant), then 
(r.j : i < 9) is asQ required in 12.121 below hence 12.81 apply. ^2.10l 

Conclusion 2.12. In Claim l2~8l if A = A K then we can allow (Tj : i < 9) to be a 
sequence of theories in L K + K +(r), r any vocabulary of cardinality < A. 

Proof. Without loss of generality we can add Skolem functions (each with < k 
places) in particular. So I\ becomes universal and adding prepositional variables 
for each quantifier free sentence and writing down the obvious sentences, we get a 
set of propositional sentences, we get T.j as there. ^— 12. 12l 

I think we forgot 

Observation 2.13. If\>n>9 = cf(9) then the condition in \2.8\ holds. 

Proof. Just let T = {V i<fl -ft}, I\ = T U { Pj : j < »}. □ 

Conclusion 2.14. 1) C K = {9:9= ci(9) and for every A and a.e.c. 6 with 
LST(fi) < k, |t{| = k have (A, 0)-compactness of type} is the class {9:9= ci(9) > k 
and there is a uniform « + -complete ultrafilter on 9}. 
2) In C K we can replace "every A" by A = 2 e + k. 

Proof. Put together ETUEH ^SH 

Of course, a complimentary result (showing the main claim is best possible) is: 

Claim 2.15. Iff is an a.c.c, LST(t') < k and on 9 there is a uniform k + -complete 
ultrafilter on 9 and 9 is regular and A any cardinality then f has (A, k)- compactness 
of types. 

Proof. Write down a set of sentences on L re + K +(r e + ) expressing the demands. 

Let (Mi : i < 9) be < (.-increasing continuous, ||Mj|| < X,Pi = tp t (a.j, M i} iVj) so 
Mi <{ Ni such that i < j < 9 =3- Pi = pj \Mi. Without loss of generality ||iVj|| < A. 

Let (Nij/ : I < Tii j^),Tri t i witness pi = pj\Mi for i < j < (i.e. Mj <j ^i,j,e 
(without loss of generality ||A r lJ ,f|| < A), A^o = N i ,a l £ N iijt t, f\ (N ijy e < { 

Nijji+i V Nijj+i <t Nij t t and TTjj be an isomorphism from Nj onto Ni^ >rii . over 
Mi mapping a,j to a%. 

Let r+ = r U {F s>n : e < n,n < ui}, arity^n) = n. Let (M+ : i < 9) be 
C-increasing, M^~ a r + -expansion of Mi such that u C M 4 + =>• Mj |"c^ M + (u) <e Mj. 



^or directly as I\ has Skolem functions 
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Similarly (N^^ : £ < riijj);e = 1,1 such that N^j E t is a r+-expansion of iVj,j, e as 
above such that (W < n w )(3e G {1, 2})(JV££ C iV+^ +1 V JV&^+i C iV+^). 
Now write down a translation of the question, "is there p such that ..." ^2715] 

Claim 2.16. If D is a uniform n-complete ultrafilter on 9, (Mi : i < 9) is < { - 

increasing continuous, Pi G J^» a (Mj) as witnessed by (iV i; a^) for i < K,Pi — Pj \M t 
for i < j < k as witnessed by (7Tj, (N^j t : £ < rfii.j) as m £/ie proof above. 

1 ) There is p K G S Q (Af e ) suc/i that i < 9 ^> p K \M im 

!?J In /aci /or eac/i i < k let Ui E D be such that i < j G £4 =4> n^.j = n*. £et 
iVi,^ = J] N i,j,t/ D - So {N i)Ki e : £<n* e ) are as above. Let M = J] Mi/D, m, K = 

n TTij/D, etc. 

3. ON SOME STABILITY SPECTRUMS OF AN A.E.C. 

Convention 3.1. t is an a.e.c. with amalgamation. 

Definition 3.2. For 9 > LST(t). We say t is (A,0)-stable when M £ K{ 
\S(M)/E e M \ < A where 

P E 8 M q (VN)(N < { M A\\N\\<0=> p\N = q\6). 
Theorem 3.3. Fixing 9 the class {A : t is (A, 9) -stable}; behave as in j|. 
Remark 3.4. See [3] = [5J V,§7] or [5] if not covered. 

Definition 3.5. Ke(t) := Min{«; < 9 + : there is no sequence (Mi : i < n) which 
is < t -increasing continuous, \\Mi\\ < 9 and p G y(M K ) such that p|~M, + i strongly 
(6»)-split over Mi}. 

Claim 3.6. 1) If X > 2 e and t is not (X,9)-stable then for some n<9 + satisfying 
X K > A we have n < Ke(t). 

2) If X> 9,X K > X then k < ne(t) then t not (A, 9) -stable. 
Conclusion 3.7. (— , f?)-stability spectrum - behave as in [5J. 

Discussion 3.8. We can look at A G [9, 2 ) using splitting rather than strongly 
splitting. 

ft seems to me the main question is 

Question 3.9. Assume (39 > LS(«)(rc e (l) > H ). 

What can you say on Min{0 : K 6 (h) > H , 9 > LST(t)}? 

Question 3.10. AssumcGCHcanwcfindana.ee. {such that: (V0 > LST({))(«e(t) = 
H ) but unstable in every regular A > LST(t)? 
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